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In this article we study the nontrivial solutions of the nonlinear operator Here we show that these examples can be unified in a Hilbert space context by straightforward methods of critical point theory.
A particular difficulty with the study of the solutions of (0.1) is the fact that Ker L is generally nontrivial while the quadratic form (Lu, u) may be indefinite.
In either case, a nontrivial solution of (0.1) will not correspond to either an absolute minimum of the functional ¡(u) = xA(Lu, u) -Aji(a) (which will ever an important part of our work is the demonstration that such critical points often can be treated analytically by generalizing the notion of orthogonality to a nonlinear context. This generalization is based on a "principle of natural constraints" which we discuss in §L For example, in global differential geometry, a simple closed geodesic on a compact Riemannian manifold (M, g) is called nontrivial if it is not a point of 3H.
Clearly closed nontrivial geodesies are thus minimax points of the arclength functional.
Currently such closed geodesies are studied by deep topological methods.
However, in [6] , Poincare' showed in the case of two-dimensional ovaloids that a simple closed geodesic y may be found as a minimum of the arclength functional subject to the constraint that the "integra curvatura" of M is bisected by y (i.e., y divides M in two pieces M. and AL and on each the integra curvatura is 277). The Gauss-Bonnet theorem, then, implies that this constraint is a "natural" one in the sense that it is satisfied by every nontrivial simple closed geodesic.
The basic idea behind this "principle of natural constraints" is that a critical point of minimax type of a functional l(u) defined on H can be reduced to a study of the absolute minimum of /(a) restricted to an appropriate submanifold defined by the natural constraints. However, in order to solve the resulting isoperimetric problem in the Hubert space H, certain compactness restrictions must be placed on the operator 3l '(u). These compactness restrictions are easily expressed in terms of the functional 7l(u) by saying that Jl(u) is sequentially weakly continuous (i.e., whenever a -> a weakly in H, Jl(a ) -* îï(a)).
It is important to distinguish this sequential notion from continuity with respect to the weak topology in H. Indeed in almost all the cases we consider, the functional Jl(u) will not be continuous with respect to the weak topology in H.
The notion of weak sequential continuity is, therefore, used here to specify the continuity properties of ?l(a) relative to weak convergence in H, substituting for the weak continuity property.
The author is grateful to the referee for a number of helpful suggestions.
The organization of our work is as follows. In §1, we mention the basic preliminaries concerning critical point theory in Hubert space which will be used in the following sections. In §11, we treat the problem of finding one-parameter families of solutions of (0.1) by global methods without regard to norm. §111 is concerned with local results strengthening those of §11, provided one has a first approximation to the nontrivial solution of (0.1). §IV is given over to applications of the results of the previous sections to the study of solutions of various differential systems.
I. Preliminaries. We begin by considering the nontrivial solutions of (0.1) from the point of view of critical point theory. By nontrivial solutions of (0.1) we In order to find such a manifold Î1Î we define the notion of a natural constraint S = ía| /(a) = 0} for (0.1) as follows.
Definition. $ = \u\ f (u) = 0\ is a natural constraint for (0.1), if (i) all nontrivial solutions of (0.1) are in the set S, and
(ii) the real-valued function / is C on H.
In the present case since [Ker L\ = ja| a e H, (a, w) =.0, w e Ker L\, by choos- Let the extreme value of Gn(a) on C be cn, then we show that if (1.1) is never satisfied, we can find a curve u(t) e C for |/| sufficiently small with a(0)=aQ suchthat Gn(a(f)) = cQ + t. Since t can be positive or negative, this contradicts the fact that aQ is an extremum for G0 on C. To this end, let u(t)= aQ + 1™s0a. while /30 and ßx ate not zero. Taking the inner product of (2.1) with ß.w.
and using the facts that Lw. = 0 and 01 '(a), w)-0 tot any u> e Ker L, we find that, for w = 1N,ß.w., 0t"(aV» w)='0. Since Jl"(a) is selfadjoint, 3l"(a)a> = 0. Since Jl is strictly convex, Ker Jl"(a) = 0, so that w = 0, i.e., ß{ = 0, i > 1. Now ß0 ¿ 0, since if it were zero, ßx /= 0 so that 31 '(u) = 0. In this case u = 0, since Jl is strictly convex, which contradicts the fact that 3l(a) = R > 0.
To demonstrate that ßl ¿ ft, we suppose the contrary, then LaQ = 0 so aQ e Ker L. Thus since aQ e CR, 01 '(«0), «0) = 0; and again by the strict convexity of Jl(a), aQ = 0 contradicting again the fact that 5l(an) = R > 0.
Next we show that inf lA(Lu, a) over CR is attained by an element u e CR. In order to handle the case in which the operator L has negative eigenvalues, we prove the following Theorem 2. Theorem 1 holds without the hypothesis that (Lu, a)> 0, provided we suppose the essential spectrum of L C (0, eo) (i.e., the set \u\ (Lu, u)< 0| is finite dimensional), ¡n this case \(R) may be negative.
Proof. By repeating the first patt of the proof of Theorem 1, we note that it suffices to show that inf ViiLu, a) over CR is attained by an element uQ £ CR.
Since L has closed tange, finite dimensional kernel, and is a bounded selfadjoint operator, L can be written as the difference of two selfadjoint nonnegative operators L. and L2; L = Lj -L2. In fact, L2 is compact,, since the essential spectrum of L is nonnegative. Consequently the quadratic form (La, a) is lower semicontinuous with respect to weak convergence in H. Thus to show that the irifimum of (La, a) over CR is attained, it remains to prove:
(i) (La, a) is bounded below by a finite number a (say) on CR,
(ii) the set \u\ u £ CR a < (Lu, u) < a + 1\ is unifotmly bounded in H.
Now the fact that the L2 is compact implies that negative specttum of L is bounded below and consequently (La, a) can tend to -oo only if ||a|| -» oo.
Thus (i) must hold, since by the coerciveness hypothesis, (*)of the theorem implies that (La, a) -» + oo is ||a|| -» oo for a e CR. Similarly, this coerciveness hypothesis (*)also yields (ii). Thus Theorem 2 is established. Remarks. 1. Pohozaev [7] has shown that, for a large class C of functionals They are precisely the solutions of
Setting w = L'1'2z, Lw = \\Lx(w) + § '(w)\. Thus the solutions of (3.16) are in
(1-1) correspondence with die solutions of (3.15). Now to (3.16) we can apply the following theorem [9] which we state as follows:
An eigenvalue A', of z = AL.z is a point bifurcation for the operator equation z = At LjZ + P'(z)\ at z = 0 provided (/ -A'.L.) is a Fredholm selfadjoint operator mapping H -» H and for ||z|| sufficiently small P(z) is a C functional such that P '(0) = P" (0) -0. Since the nonzero eigenvalues of z = \L'1/2LxL'1/2z ate exactly the nonzero eigenvalues of (3.1), we find that the nonzero eigenvalues of (3.1) are points of bifurcation of (3.2). Thus the theorem is established.
Remark. Actually the provisos of Theorems 3 and 4 can be considerably weakened, by a closer study of bifurcation theory. Indeed we conjecture that the hypothesis (a) and the assumption concerning the spectrum of L in 4 may be removed completely. We hope to carry this extension out in a later publication.
IV. Applications.
Here we apply the results of the previous sections to some specific nonlinear problems in the theory of ordinary and partial differential equations .
(i) The Dirichlet problem for semilinear elliptic partial differential equations.
Let fl be a bounded domain (with smooth boundary) in R , and suppose that a formally selfadjoint elliptic operator L (of order 2m) defined on Q can be written in the form
where the coefficients a"g(*) are smooth (i.e., of class Ca'li (say) for some 0 < p < l). Now we consider the existence of nontrivial solutions of the following semilinear elliptic boundary value problem:
As an application of Theorem 2, we prove Thus by the growth condition (4.4'), u £CR implies ||a||Lj < ||a||m_j j < giR)
where the function giR) is a bounded function of R independent of a. Since
GErding's inequality can be written in the form (La. ^ycAHl^-cAlulll^^Ml^-^giR), c >0.
We find that (La, a) -» oo as ||a||m 2 -> oo for a e CR.
The functional ?(a) thetefore satisfies all the hypotheses of Corollary A so that the equation La = \3"'(a) has a one-parameter family of nontrivial solutions iuiR), \{r)) suchthat \{R)4'0 and ¡Fix, D^uiR.)) = R; which proves Theorem 5.
(ii) Semilinear second order elliptic equations on compact manifolds. Let OR » g) denote a compact differentiable manifold of dimension N with Riemannian metric g. Suppose A denotes the Laplace-Beltrami equation on 0R, g).
Then we consider the existence of nontrivial solutions of the nonlinear equation as R -» 0.
Proofs. We first show that the nontrivial periodic solutions of (4.15) are in 
